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Abstract

In this paper, a novel formulation for the micro rotating beams based on the strain gradient theory and the assumptions of Timoshenko and

Euler-Bernoulli beam models is developed. By introducing the prestressed configuration induced by the centrifugal forces, the obtained equations

of motion are linearized about the prestressed configuration. Some dimensionless parameters are assigned to achieve the nondimensionalized

equations of motion. Differential transform method is applied on the equations of motion and the associated boundary conditions to obtain the

flapping and axial natural frequencies. The current outcomes are validated by those available in the literature. After validation of the obtained

results, some case studies are prepared to define the material length scale, the rotation speed and the slenderness ratio influences on the flapping

and axial frequencies. The outcomes illustrated the natural frequencies are very sensitive to the case study parameters. Also, employing the Euler-

Bernoulli beam model leads to the incorrect results in calculation of the flapping frequencies for a wide range of slenderness ratio even when the

material length scale is close to the micro beam thickness.

Introduction

Dealing with the micro and nano structures demands some revisions on the classical formulation by inclusion of the size effects. The theories

where established for including the size effects in their proposed formulation have been known as nonclassical theories. The most exploited

nonclassical theories are the nonlocal theory (Ganghoffer et al., 1999), the couple stress theory (Ottosen et al., 2000) and the strain gradient theory

(Chen and Wang, 2001). This paper scope, is to develop a new formulation for modeling the rotating micro beams by including the size effects on

the basis of the strain gradient theory (SGT).

Kong et al. (2009) derived an analytical solution for the static deformation and the natural frequencies of the Euler-Bernoulli micro beams which

were modeled based on the SGT. The obtained results demonstrated the SGT causes the beam behaves stiffer and hence, a noticeable decrease in

the static deflection and a significant increase in the natural frequencies is evident when the material length scale parameter is close to the micro

beam thickness. Wang et al. (2010) obtained the equations of motion (EOMs) for a simply-supported Timoshenko micro beam on the basis of the

SGT. The obtained results for the natural frequencies and the static deflection illustrated the noticeable role of the material length scale parameter

when it is close to the micro beam thickness. Lazopoulos and Lazopoulos (2010) implemented the SGT with the surface energy effects to attain the

Euler-Bernoulli micro beam EOMs. They investigated the buckling analysis and the effects of the cross sectional area in bending of the thin micro

beams. On the basis of the SGT, Asghari et al. (2012) developed the EOMs of the Timoshenko micro beams which undergoes the large

deformations. They examined the nonlinear static responses and the free vibration features according to the obtained nonlinear EOMs. Zhao et al.

(2012) investigated the nonlinear static deflection, the critical bucking loads and the nonlinear natural frequencies of the Euler-Bernoulli micro

beams founded on the SGT. They illustrated the importance of the material length scale parameter when it is comparable with the micro beam

thickness and the determinative influences of the nonlinearity on the obtained results. Based on the SGT, Ramezani (2012) proposed the nonlinear

formulation of a simply-supported Timoshenko micro beam. He demonstrated the hardening effects of both the geometric non-linearity and the

SGT on the natural frequencies. The thermal influences on the nonlinear buckling examination of the Timoshenko micro beams was studied by

Mohammadi and Mahzoon (2014). The presented formulation on the basis of the modified SGT predicted higher critical buckling load rather than

the classical theory (CT) and the modified couple stress theory (MCST). Zhang et al. (2014) employed the third-order shear deformation theory to

find the EOMs of a functionally graded (FG) micro beam rest on an elastic foundation founded on the SGT. They derived the analytical solution for

defining the natural frequencies, the static deflection and the critical buckling load for the simply supported micro beams using the Navier method.

They studied the material length scale parameter, the elastic foundation parameters and the shear deformation influences on the static and free
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vibration features of the FG microbeams. Belardinelli et al. (2014) examined the static deflection and the pull-in instability of a clamped-clamped

microbeam which was modeled base on the SGT by employment of the differential quadrature method. The nonlinear midplane stretching and the

fringing field influences were included in their presented formulation. The obtained results for the pull-in limit were compared by the outcomes

on the basis of the CT. The numerical analysis demonstrated the larger static response near the pull-in instability region based on the SGT rather

than the CT outcomes. A nonlinear dynamic study was also performed on the reduced order model obtained by the Galerkin discretization

approach to show the importance of the nonlinear terms included by the SGT. Ansari et al. (2015) developed a new Timoshenko beam element

included by the size effects based on the SGT to analyze the static deflection and the free vibration of the Timoshenko microbeams. Nojoumian

and Salehieh (Nojoumian and Salarieh, 2016) discussed on the boundary conditions (BCs) of the Timoshenko micro beams proposed by Wang

et al. (2010). They illustrated the presented BCs in Ref. Wang et al. (2010) are not capable to reduce to the classical BCs and they presented the new

correct BCs which had this ability. Xu and Deng (2016) formulated the Euler-Bernoulli micro beams with higher-order inertia founded on the SGT.

They proposed the analytical solutions for the different BCs and examined the material length scale parameters, Poisson's ratio and the BCs effects

on the obtained natural frequency results.

Due to the pivotal role of the rotating structures for the designers and engineers, numerous researches addressed the vibration and stability

examination of the rotating beams and blades. Arvin and Bakhtiari-Nejad (2011) applied the discretized method of multiple scales to the nonlinear

coupled flapwise and axial EOMs of a rotating Euler-Bernoulli beam to achieve its nonlinear normal modes. They examined the stability of the

nonlinear normal modes in the presence of the internal resonances. Lacarbonara et al. (2012) developed the geometrically exact formulation for the

rotating blades based on the Cosserat theory of rods. They implemented the Galerkin discretization approach to the governing differential EOMs to

obtain the flapping, lagging, axial and torsional natural frequencies. They investigated the influences of the rotational speed and the Coriolis forces

on the achieved natural frequencies. Arvin and Bakhtiari-Nejad (2013) derived the nonlinear EOMs of a rotating composite Timoshenko beam.

They examined the nonlinear free vibration analysis by implementing the direct method of multiple scales. A rotating composite Timoshenko

beam was modeled by Georgiades et al. (2014) to derive the governing EOMs. The formulation was included by the nonclassical effects such as

material anisotropy, transverse shear and the primary and secondary cross-section warpings. The variable rotating speed and the arbitrary pitch

angle influences were also considered in the presented formulation. The results demonstrated the important role of both the variable rotating

speed and the arbitrary pitch angle consideration on the dynamics of the rotating beam. According to the knowledge of the author a few works are

included the size effects for the rotating micro beams. Dehrouyeh-Semnani (Dehrouyeh-Semnani, 2015) developed the formulation for the in-plane

free vibration of the rotating Timoshenko and Euler-Bernoulli micro beams. The flapping frequencies were obtained by the finite element method

founded on the MCST. The results demonstrated the important effects of the material length scale, the rotation speed and the slenderness ratio on

the flapping frequencies. Dehrouyeh-Semnani et al. (Dehrouyeh-Semnani et al. 2016) by considering the lead-lag motions, proposed the micro

beam EOMs on the basis of the MCST and the assumptions of both the Timoshenko and the Euler-Bernoulli beam models. A similar analysis as

their previous research paper, i.e. (Dehrouyeh-Semnani, 2015), was conducted to illustrate the important parameters in the determination of the

natural frequencies.

The literature review demonstrate the lack of the researches on the micro beams by considering the size effects. Hence, in this paper, for the first

time, a formulation for the rotating micro beams by employing the SGT and the Timoshenko and Euler-Bernoulli beam assumptions is developed.

The outline of the paper is as follows. First by considering the Timoshenko and Euler-Bernoulli displacement fields the strain and kinetic energies

are derived on the basis of the SGT. Using the Hamilton's principle the force and displacement forms of the governing equations and the

accompanied BCs are obtained. By introducing the prestressed displacement components induced by the centrifugal forces, the EOMs and the

corresponding BCs are linearized about the prestressed configuration. Some dimensionless parameters are addressed to nondimensionalize the

EOMs and the associated BCs. The differential transform method (DTM) is applied on the EOMS and the corresponding BCs to extract the

flapping and axial natural frequencies. After confirmation of the outcomes, some numerical studies are established to illustrate the material length

scale parameter, the rotation speed, the shear deformation and the slenderness ratio influences on the flapping natural frequencies.

Section snippets

The equations of motion

To develop a formulation for a micro rotating Timoshenko beam, the displacement field components are assumed as (Arvin and Bakhtiari-Nejad,

2013): in which ,  and  are, respectively, the axial, flapping and shear deformations and x and z

axis are directed along the microbeam length and thickness, respectively. The strain energy for a linear elastic material which occupies a region with

the volume , read as (Kong et al., 2009): …

Linearization of the equations of motion

For linear vibration analysis, first the linearized EOMs are derived. As the rotating structures have a predeformed configuration due to the

centrifugal forces, the EOMs are linearized about the mentioned configuration. To extract the predeformed configuration, the displacement

components are assumed to have a static and a dynamic part (Arvin and Bakhtiari-Nejad, 2013). If the mircobeam is considered with a symmetric

cross section made of an isotopic material, the only static displacement…

The dimensionless Timoshenko beam model equations of motion

After linearization of the EOMs, the following dimensionless parameters, , , ,  and , are introduced to find the

nondimensionalized EOMs and the BCs. After elimination of the  sign and the subscript d, the dimensionless form of the EOMs and theˆ
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associated BCs read as: and

and …

Problem formulation by DTM

The differential transform method (see Lal and Ahlawat (2015)) is employed to acquire the flapping and axial natural frequencies. The most

important standard rules of the DTM method for the EOMs and the BCs are introduced, respectively, in Tables A.1 and A.2 in Appendix A.…

Results validation

In this section, for validation of the formulation and the proposed solution some numerical analysis are presented. At first, a clamped-free

stationary micro beam is considered with the material and geometric specifications as , ,  and the material length

scales, . The micro beam length and width ratio with respect to the thickness are, respectively,  and  (Kong et al.,

2009). Comparison of the first three flapping natural frequencies are…

Conclusions

In this paper, the EOMs for a rotating micro beam on the basis of strain gradient theory and the assumptions of both Timoshenko and Euler-

Bernoulli beam models were developed. By separation of the axial displacement to a static part which is induced by the centrifugal forces and a

dynamic part that models the vibration about the static configuration, for a symmetric isotropic micro beam, the EOMs were linearized. Some

dimensionless parameters were introduced for nondimensionalization of the…

Acknowledgements

This work has been financially supported by the research deputy of Shahrekord University. The grant number was 94GRD1M1754.…

References (24)

R. Ansari et al.

Small-scale Timoshenko beam element

Eur. J. Mech. - A/Solid (2015)

S. Chen et al.

Strain gradient theory with couple stress for crystalline solids

Eur. J. Mech. - A/Solid (2001)

A.M. Dehrouyeh-Semnani

The influence of size effect on flapwise vibration of rotating micro beams

Int. J. Eng. Sci. (2015)

A.M. Dehrouyeh-Semnani et al.

On size-dependent lead-lag vibration of rotating micro cantilevers

Int. J. Eng. Sci. (2016)

J.F. Ganghoffer et al.

A reappraisal of nonlocal mechanics

Eur. J. Mech. - A/Solid (1999)

X.J. Xu et al.

Closed-form frequency solutions for simplified strain gradient beams with higher-order inertia

Eur. J. Mech. - A/Solid (2016)

S. Kong et al.

Static and dynamic analysis of micro beams based on strain gradient elasticity theory

Int. J. Eng. Sci. (2009)

J.N. Reddy

Micro structure-dependent couple stress theories of functionally graded beams

J. Mech. Phys. Solid (2011)

H. Arvin et al.

Nonlinear modal analysis of a rotating beam

Int. J. Nonlin. Mech. (2011)

K.A. Lazopoulos et al.

Bending and buckling of thin strain gradient elastic beams

Eur. J. Mech. - A/Solid (2010)

https://www.sciencedirect.com/science/article/pii/S0307904X1100607X
https://www.sciencedirect.com/science/article/pii/S0997753814000655
https://www.sciencedirect.com/science/article/pii/S0997753815001370
https://www.sciencedirect.com/science/article/pii/S0997753809001430
https://www.sciencedirect.com/science/article/pii/S0022509611001566
https://www.sciencedirect.com/science/article/pii/S0020746212000674
https://www.sciencedirect.com/science/article/pii/S0997753800002011
https://www.sciencedirect.com/science/article/pii/S099775381300154X
https://www.sciencedirect.com/science/article/pii/S0997753810000562
https://www.sciencedirect.com/science/article/pii/S0997753815000170


10/12/2021 Free vibration analysis of micro rotating beams based on the strain gradient theory using the differential transform method: Timoshenko versus Euler-…

https://www.sciencedirect.com/science/article/abs/pii/S0997753816303886 4/8

Eur. J. Mech. - A/Solid (2010)

View more references

Cited by (28)

Nonlinear deformation of rotating functionally graded trapezoidal microplates in thermal environment

2021, Composite Structures

Show abstract

Vibration analysis of scale-dependent thin shallow microshells with arbitrary planform and boundary conditions

2021, International Journal of Engineering Science

Show abstract

Impact and blast performance enhancement in bio-inspired helicoidal structures: A numerical study

2020, Journal of the Mechanics and Physics of Solids

Show abstract

Free vibration analysis of rotating nano-beams for flap-wise, chord-wise and axial modes based on Eringen's nonlocal theory

2020, International Journal of Mechanical Sciences

Show abstract

Bending, buckling and free vibration of an axially loaded timoshenko beam with transition parameter: Direction of axial force

2020, International Journal of Mechanical Sciences

Show abstract

Vibration analysis of rotating composite beams reinforced with carbon nanotubes in thermal environment

2019, International Journal of Mechanical Sciences

Citation Excerpt :

…Recently, Arvin developed their previous studies for considering the length scale effects in rotating microscale beams. He derived the governing equations of

rotating microbeams on the basis of the modified couple stress theory [27] and the strain gradient theory [28]. He studied the effects of the material length scale

parameter as well as the slenderness ratio on the natural frequencies.…

Show abstract

View all citing articles on Scopus

Recommended articles (6)

Research article

An analytical solution to the stain energy release rate of a crack in functionally graded nonlinear elastic beams

European Journal of Mechanics - A/Solids, Volume 65, 2017, pp. 301-312

Show abstract

Research article

Comparing Nonlinear Free Vibrations of Timoshenko Beams with Mechanical or Geometric Curvature Definition

Procedia IUTAM, Volume 20, 2017, pp. 34-41

Show abstract

Research article

Modeling and dynamic characteristics of spinning Rayleigh beams

International Journal of Mechanical Sciences, Volume 68, 2013, pp. 291-303

Show abstract

Research article

https://www.sciencedirect.com/science/article/pii/S0263822321001367
https://www.sciencedirect.com/science/article/pii/S0020722520302007
https://www.sciencedirect.com/science/article/pii/S002250962030260X
https://www.sciencedirect.com/science/article/pii/S0020740320302988
https://www.sciencedirect.com/science/article/pii/S002074031933807X
https://www.sciencedirect.com/science/article/pii/S0020740319324865
https://www.scopus.com/scopus/inward/citedby.url?partnerID=10&rel=3.0.0&eid=2-s2.0-85020266111&md5=82e923cd872833371a43ab9c52eba
https://www.sciencedirect.com/science/article/pii/S099775381630136X
https://www.sciencedirect.com/science/article/pii/S221098381730007X
https://www.sciencedirect.com/science/article/pii/S0020740313000374


10/12/2021 Free vibration analysis of micro rotating beams based on the strain gradient theory using the differential transform method: Timoshenko versus Euler-…

https://www.sciencedirect.com/science/article/abs/pii/S0997753816303886 5/8

Size-dependent bending, buckling and free vibration of functionally graded Timoshenko microbeams based on the most general

strain gradient theory

Composite Structures, Volume 100, 2013, pp. 385-397

Show abstract

Research article

Coupled vibrations of functionally graded Timoshenko microbeams

European Journal of Mechanics - A/Solids, Volume 65, 2017, pp. 289-300

Show abstract

Research article

Bending, buckling and vibration of axially functionally graded beams based on nonlocal strain gradient theory

Composite Structures, Volume 165, 2017, pp. 250-265

Show abstract

View full text

© 2017 Elsevier Masson SAS. All rights reserved.

About ScienceDirect

Remote access

Shopping cart

Advertise

Contact and support

Terms and conditions

Privacy policy

We use cookies to help provide and enhance our service and tailor content and ads. By continuing you agree to the use of cookies.

Copyright © 2021 Elsevier B.V. or its licensors or contributors. ScienceDirect ® is a registered trademark of Elsevier B.V.

ScienceDirect ® is a registered trademark of Elsevier B.V.

https://www.sciencedirect.com/science/article/pii/S0263822313000317
https://www.sciencedirect.com/science/article/pii/S0997753817303364
https://www.sciencedirect.com/science/article/pii/S0263822316304974
https://www.sciencedirect.com/science/article/pii/S0997753816303886
https://www.elsevier.com/
https://www.elsevier.com/solutions/sciencedirect
https://www.sciencedirect.com/customer/authenticate/manra
https://sd-cart.elsevier.com/?
http://elsmediakits.com/
https://service.elsevier.com/app/contact/supporthub/sciencedirect/
https://www.elsevier.com/legal/elsevier-website-terms-and-conditions
https://www.elsevier.com/legal/privacy-policy
https://www.sciencedirect.com/legal/use-of-cookies
https://www.relx.com/


10/12/2021 Free vibration analysis of micro rotating beams based on the strain gradient theory using the differential transform method: Timoshenko versus Euler-…

https://www.sciencedirect.com/science/article/abs/pii/S0997753816303886 6/8



10/12/2021 Free vibration analysis of micro rotating beams based on the strain gradient theory using the differential transform method: Timoshenko versus Euler-…

https://www.sciencedirect.com/science/article/abs/pii/S0997753816303886 7/8



10/12/2021 Free vibration analysis of micro rotating beams based on the strain gradient theory using the differential transform method: Timoshenko versus Euler-…

https://www.sciencedirect.com/science/article/abs/pii/S0997753816303886 8/8


