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A R T I C L E I N F O A B S T R A C T

This paper presents a new three-step Levenberg-Marquardt (TSLM) algorithm by using fuzzy logic theory (FLT)
for solving power flow equations in ill-conditioned power systems. Using the proposed fuzzy TSLM (FTSLM)
method reduces computation times and the number of iterations. In most cases, the FTSLM method converges
in the first iteration due to its biquadratic convergence. The reactive and real power mismatches at each bus of
the electrical power system are chosen as the input values for fuzzification. The output values of the FTSLM (af-
ter defuzzification) are voltage magnitudes and angles of the buses. The proposed method is tested on standard
ill-conditioned 11-bus, 13-bus, 43-bus, 118-bus and 2383-bus test systems and the results are compared with the
benchmark methods.

1. Introduction

The equations of the AC power flow problem are modeled by a set
of non-linear algebraic equations. Conventionally, the power flow prob-
lem is solved using Newton or Newton-based techniques to determine
the voltage angles, voltage magnitudes and line flows of a power sys-
tem. Solving the power flow problem is a fundamental requirement for
the analysis of the power systems and is used in real time operation and
to control systems [1,2].

Since the presentation of digital computers, many attempts have
been made to solve the power flow problem using several techniques.
Ref. [3] has worked on the convergence characteristics of different tech-
niques. Some famous methods in this area are Gauss-Seidel method,
Newton method and decoupled and fast-decoupled methods all of which
are used for well-conditioned power system. These types of systems are
the most common cases in the power systems and the solution of the
power flow equations exists [4–7].

Other types of power systems are ill-conditioned systems, in which
the solution of the power flow equations exists, but using traditional
methods may fail to converge or have slow convergence rates. Bad or
unfit selection of the swing bus, very high ratio of lines and heavy
loading of power systems are common reasons why this situation oc-
curs [8,9]. In such cases, the failure of traditional techniques is due to

the instability of the techniques, but not due to the instability of the
nonlinear power flow equations [10,11].

Ref. [12] has solved the optimal power flow problem in an ill-con-
ditioned power system using quadratic discriminant index. This method
can find a low voltage solution at the maximum loading point. Authors
in [13] have applied a corrected Levenberg-Marquardt algorithm with
a non-monotone line search to solve the power flow problem in the
ill-conditioned systems. An asynchronous parallel computing has been
used to solve the power flow problem of the ill-conditioned rural dis-
tribution systems in [14]. Ref. [15] has presented a robust method to
solve the power flow problem in the ill-conditioned power system using
a high-order predictor of the asymptotic numerical method and homo-
topy transformation.

In 1965, Zadeh has presented the foundations of the fuzzy set the-
ory [16] as a technique for dealing with the imprecision of practical
systems. Many literatures have worked on the topic of the fuzzy logic
and application of this logic for solving problems in power systems since
Zadeh recommended the fuzzy set and concept of fuzzy logic [17].

The fuzzy logic theory (FLT) has been implemented in many power
system processes as a foundation. This implementation is due to some
reasons such as:

• Improving robustness in comparison with traditional techniques
• Increasing computing speed
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• The simplification of power system modeling

FLT is used for solving a wide area of problems in power systems
such as power system control and operation, load forecasting, power
system planning and power system stability [18–20]. In addition, this
technique has been used in various types to solve the power flow prob-
lem [23–26]. The loads of power systems are variable and uncertain.
Using the FLT can handle this uncertainty. If the input data of the power
flow problem such as generation power (active and reactive powers)
and the loads are given as fuzzy sets, the problem can be solved us-
ing FLT [21]. Other uncertain input data in the power flow calculation
can be handled in the same way. Using FLT to consider the uncertainty
in power systems were presented in some literatures such as [22–24].
Ref. [25] has presented a framework for solving AC and DC power flows
and considered the uncertainty in power generations and loads. In [26],
a fuzzy based approach has been presented for the adjustment of vari-
able parameters in power flow studies. These variables are phase angles,
transformers tap positions and line impedances. In [27], input values
for the fuzzy logic are reactive power and real power
mismatches per voltage magnitudes at each bus. These values are
fuzzified in the fuzzifier and the output values are the correction of the
voltage magnitudes and voltage angles at each bus. In [28], a
fuzzy-based approach has been presented and used to solve the power
flow problem. Authors of [28] have used Gaussian membership func-
tions for fuzzification that can reduce the number of iterations in com-
parison with the triangular membership functions. Authors in [29,30]
have presented the symmetric fuzzy power flow problem and solved it
as an optimization problem constrained to the power flow equations. In
[31], authors have presented a fuzzy technique to solve the power flow
in unbalanced and balanced radial distribution systems. This technique
needs the bus injection to branch current (BIBC) and branch current to
bus voltage (BCBV) matrices of the network and uses the voltage of the
substation and the power demands as fuzzy inputs. Ref. [32] has solved
the power flow problem using combination of fuzzy simulation and con-
nection number while considering the uncertainties of loads and renew-
able generations.

The main contribution of this paper is to present a novel fuzzy-based
three-step Levenberg-Marquardt (FTSLM) algorithm for solving the
power flow problem in the ill-conditioned power systems. Application
of the proposed method can significantly reduce the computation time
and also the number of iterations in solving the power flow problems in
the ill-conditioned power systems.

The presented approach can be used in small to large power sys-
tems. The following sections are designed to introduce the presented ap-
proach. In ection 2, the concept of the ill-conditioned power systems is
reviewed. Section 3 presents the mathematical formulation of the TSLM
method and ection 4 applies this method to solve the power flow prob-
lem. Section 5 presents the combination of TSLM algorithm and FLT to
solve the ill-conditioned systems. Section 6 presents the case studies and
numerical results. Section 7 discusses the relations between voltage in-
stability, loading condition of the system and occurrence of the ill-con-
dition state in a power system. Finally, the conclusions are presented in
ection 8.

2. Introduction of the ill-conditioned power systems

The main aim of solving the power flow problem is to find the volt-
age magnitude and angle at the buses of the power system. Eqs. (1) and
(2) show the relation between the injected powers and the magnitude
and angle of voltage at each bus.

(1)

(2)

where

(3)

The above equations are nonlinear and can be solved by the Taylor
series and using first-order series approximation [33]:

(4)

In Eq. (4), we take the Jacobian matrix as:

(5)

Von Neumann has proposed an index for classification of the condi-
tion of a system [34]. This index is condition number (CN) and defined
by Eq. (6).

(6)

where πmax and πmin are the largest (maximum) and smallest (minimum)
eigenvalues of the Jacobian matrix ( , respectively. A large value of
CN illustrates the ill-condition situation of the system [34–37]. Ref. [9]
has studied this index in power systems and stated that threshold value
for starting the ill-condition state of a system is CN = 0.1086∗104.

3. Three-Step Levenberg-Marquardt (TSLM) algorithm

This section presents the mathematical base of the proposed method.
In the ill-conditioned power systems using the traditional methods such
as Newton-like methods may cause to diverge. This situation is due to
sensitivity of the solution the round-off errors injected during computa-
tion [38].

Consider a system with the algebraic nonlinear equations, as follows:

(7)

When the Jacobian matrix of Eq. (7) is near singular, the system is
named “ill-conditioned” and traditional methods such as Newton
method are not suitable for solving the equations. In such situations, ap-
plying the TSLM algorithm can be useful.

The TSLM algorithm calculates Eq. (8) at each iteration [38]:

(8)

where , is Jacobian matrix and is the “conver-
gence parameter” that is calculated by:

(9)

2
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To apply the TSLM algorithm, the following steps will be taken [38]:

Set the initial guess and k = 1

Step 1:

If: then stop; otherwise calculate , and by
Eqs. (10)–(14).

Step 2:

Set:

(10)

(11)

(12)

(13)

(14)

Step 3:

Calculate wk using Eq. (15):

(15)

In Eq. (15) ηk is step size of proposed method [38].

Set:

(16)
If then stop; Otherwise

Refresh the converge parameter ( )
Set k = k + 1 and go back to Step 1.

4. Application of the TSLM algorithm to solve the power flow in
the Ill-conditioned systems

In this section, a proper algorithm for solving the power flow equa-
tions in an ill-conditioned power system has been presented. The pre-
sented algorithm is based on the TSLM method, which was introduced
in the previous section. To facilitate programming, the following steps
are designed:

Step 1:

Input the necessary data of the power system (such as lines’ and buses’
data) and set the initial guesses and k = 1.

Step 2:

Calculate using and calculate by Eqs. (17) and

(18).

(17)

(18)

Calculate using and calculate by

Eqs. (19) and (20)

(19)

(20)

Calculate using and calculate by

Eq. (21)

(21)

Step 3:

Calculate by Eq. (22) and calculate by Eq. (23):

(22)

(23)

If then stop; otherwise:

Set k = k + 1 and go back to Step 2.

3
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Fig. 1. Flowchart of the TSLM method.

Fig. 1 shows flowchart of the TSLM method for solving the power
flow problem of the ill-conditioned power systems.

5. Combination of the TSLM algorithm and fuzzy logic to solve the
Ill-conditioned systems

This section combines the TLSM and fuzzy logic to present a method
that is named fuzzy TSLM (FTSLM). The presented method is suitable to
solve the power flow equations of the ill-conditioned power systems.

The FTSLM is based on the TSLM introduced in the previous section,
but the continuous update of the state vector of the power system (
) is calculated via the fuzzy logic concept instead of using traditional
power flow methods.

Eq. (24) is used for implementation of the FLT in solving the power
flow problem in the ill-conditioned power systems:

(24)

In the proposed FTSLM method, inputs consist of , and
( consists of reactive and real power mismatches) and outputs

are , and . Note that , and consist of volt-
age angles’ and voltage magnitudes’ mismatches.

(25)

The main structure of the proposed FTSLM is shown in Fig. 2. The de-
sign process of the fuzzy inference system (FIS) has five steps:

(1) The fuzzification of the variables of the TSLM
(2) The definition of the membership function
(3) The creation of rule base of fuzzy model
(4) The process of fuzzy logic
(5) The defuzzification of variables of the TSLM

5.1. First inputs -first outputs

The first input signals are fuzzified into active and reactive
fuzzy signals ( and ) with 7 variables. Also, the first out-
put signals are fuzzified into phase and amplitude of voltage fuzzy
signals ( and ) represented in triangular function form con-
sists of large negative (LN), medium negative (MN), small negative (SN),
zero (ZR), small positive (SP), medium positive (MP), large positive
(LP). Table 1 and Figs. 3 and 4 show the membership function of the
first input and output.

Fig. 2. Fuzzy inference system of the FTSLM.

4
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Table 1
First membership functions.

First input signals First output signals

Fig. 3. Membership function of the first input signals ( .

Fig. 4. Membership function of the first output signals ( ).

5.2. Second inputs – second outputs

The second input signals are fuzzified into active and reactive
fuzzy signals ( and ) with 5 variables and the first output
signals are fuzzified into phase and amplitude of voltage fuzzy
signals ( and ) represented in triangular function form con-
sists of large negative (LN), small negative (SN), zero (ZR), small posi-
tive (SP), large positive (LP). Table 2 and Figs. 5 and 6 show the mem-
bership function of the second input and output.

5.3. Third inputs – third outputs

As shown in Table 3 and Figs. 7 and 8, the third input signals
are fuzzified into active and reactive fuzzy signals ( and )
with 3 variables. The similar method has been applied for the third out-
put signals .

Table 2
Second membership functions.

Second input signals Second output signals

Fig. 5. Membership function of the second input signals ( ).

Fig. 6. Membership function of the first output signals ( ).

Table 3
Third membership functions.

Third input signals Third output signals

Fig. 7. Membership function of the third input signals ( ).

5



UN
CO

RR
EC

TE
D

PR
OO

F

S.Y. Derakhshandeh et al. International Journal of Electrical Power and Energy Systems xxx (2018) xxx-xxx

Fig. 8. Membership function of the third output signals ( ).

For the proposed FTSLM method, the rules are listed as follows:

The number of triangular fuzzy-membership functions applied in
proposed method and fuzzy rules are selected based on [27,28].

5.4. Consideration of different types of loads in FTSLM method

The power systems have several types of loads including constant
impedances (Z), constant current (I) and constant power (P) loads.
These types of loads (ZIP loads) are modeled, as follows [35]:

(26)

(27)

where parameters , and model the constant im-
pedance, constant current and constant power loads, respectively. So,
based on [35], to calculate the power residuals in the k-th iteration (

in Eqs. (17), (19) and (21)), scheduled

active and reactive powers should be considered as follows:

(28)

(29)

6. Case studies and numerical results

To evaluate the effectiveness of the proposed FTSLM method, five
ill-conditioned power systems have been selected. These test systems
are 11-bus, 13-bus (a distribution test system), 43-bus, 118-bus and
2383-bus power systems [9,39,40].

Table 4 shows πmin and πmax of the Jacobian matrix (Eq. (6)) and also
CN of the studied power systems. As shown in this table, the condition
numbers of the test systems are sufficiently high and these systems are
ill-conditioned.

The proposed FTSLM method has been implemented using MAT-
LAB/Simulink software by a PC with 2.5GHz CPU and 4GB RAM. The
presented CPU times are the average CPU times of the calculation pro-
cedures (Each case study has been run 200 times and the average time
has been obtained).

Table 5 shows the results of solving the power flow equations in the
ill-conditioned 11-bus power system. The input columns in Table 4 show
the values of , and at each bus and the output columns
represent the values of , and . The last columns show the
voltage magnitudes and phases of the buses. Similar studies have been
done on the other test systems, but for the sake of brevity, the similar
simulations results are not presented in this form.

In order to evaluate the effectiveness of the proposed method, the
FTSLM and TSLM methods have been compared with three famous algo-
rithms, which are used to solve the power flow equations in the ill-con-
ditioned power systems. These benchmark algorithms are Iterative Reg-
ularization Newton (IRN) method [41], LM method [42] and New-
ton Raphson–Jacobian Marquardt (NRJM) method [43,44]. The num-
ber of iterations and the average execution time of solving the power
flow equations of the 11-bus, 13-bus, 43-bus, 118-bus and 2383-bus

Table 4
Maximum and minimum eigenvalues and the condition numbers of the case studies.

Case
study

Min. Eigenvalue Max. Eigenvalue
CN

11-Bus 0.1126 0.1222∗103 0.1086∗104

13-Bus 0.1442∗10 - 1 0.2905∗102 0.2014∗104

43-Bus 0.9476∗10 - 1 0.2426∗104 0.2560∗105

118-Bus 0.726∗10 - 1 0.575∗103 0.7922∗104

2383-Bus 0.0003 6.9067∗108 2.3022∗1012

6
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Table 5
Results of implementation of the proposed method on the 11-bus test system.

BUS Inputs Outputs δ

1 – – – – – – 1.024 0
2 0.3399 −0.0072 0.0002 0.0219 −0.0002 0.0001 1.022 −0.221
3 −0.0062 0.001 0 0.0201 0.0001 0.0001 1.0204 −0.404
4 0 0.0007 0 0.02 −0.0001 0 1.02 −0.265
5 −0.008 0.0011 0 0.0182 0.0002 0 1.0185 −0.460
6 −0.0068 0.0009 0 0.0199 −0.0001 0 1.0199 −0.274
7 0 0.0012 0.0006 0.0059 −0.0003 −0.0004 1.003 −0.873
8 0 0.0012 0.0007 0.0022 −0.0004 −0.0005 0.9985 −1.039
9 −0.0009 0.0012 0.0008 0.0006 −0.0001 −0.0004 0.9977 −1.143
10 0 0.0009 0.0009 −0.0061 −0.0012 −0.0007 0.9887 −1.416
11 −0.0057 0.0007 0.0009 −0.0082 −0.0013 −0.0007 0.9867 −1.652

test systems with different methods are shown in Table 6. As shown in
this table, using the FTSLM can reduce the execution time in compari-
son with other methods. As an example, using FTSLM to solve the power
flow problem in the 43-bus test system decreases the execution time
about 39.5%, 60% and 35.2% in comparison with LM, NRJM and TSLM
methods, respectively. Note that by increasing the size of the power sys-
tem, this difference becomes more apparent. For example, in 2383-bus
test system, the CPU time of the FTSLM method is about 45% of the
TSLM method.

Note that the IRN method has diverged in all of the case studies and
the NRJM and LM methods have diverged in 2383-bus power system.

Figs. 9–13 illustrate comparison between the convergence error of
the NRJM, LM, TSLM methods and the proposed FTSLM method.

As shown in these figures, using the FTSLM can decrease the resid-
ual error in less iterations in comparison with other methods. For exam-
ple, in 118-bus test system, the NRJM, LM, TSLM and proposed FTSLM
methods have converged in 6, 8, 6 and 3 iterations, respectively.

Note that the LM method is second-order convergent while the TSLM
is fourth-order convergent. However, in the small cases such as 11-bus
and 13-bus test systems, the performance of the TSLM is not obvious
(Table 6-rows 2–3, Figs. 9 and 10). The main reason for this is that the
TSLM uses three Jacobian matrices and three inversions in each itera-
tion and consumed time for these processes is not negligible in compar-
ison with other parts of the problem solution. However, in the large sys-
tems (i.e. 118-bus and 2383-bus systems) the advantages of the TSLM,
in comparison with the LM method, will appear and cause to decrease
CPU times and number of iterations (Table 6-rows 5–6, Figs. 12 and 13).

7. Relationship between voltage instability and ill-conditioned
power system

A power system enters to the voltage instability state when a change
in topology of the system or load increase, causes uncontrollable voltage
degradation [45]. In case of the load increment, eigenvalues of the Jaco-
bian matrix will change and condition of the power system may change
to an ill state [33]. To evaluate the effectiveness of the proposed FT-
SLM method, we have changed the loading condition of the 11-bus and
43-bus test systems and solved the power flow problem. Eqs. (30) and
(31) present the loading condition (active and reactive demand) of the
buses.

(30)

(31)

where Qd0 and Pd0 are initial vectors of the reactive and active demands
of the buses, respectively. Also, parameter ρ changes the loading condi-
tion of the test systems [33]. Increasing of the loading condition causes
to increase the condition number of the systems (Table 7-columns: ρ and
N). As shown in Table 7, despite of increasing the loading condition of
the systems and approaching the voltage instability state, the proposed
FTSLM can solve the power flow problem in the ill-conditioned test sys-
tems.

8. Conclusions

In this paper, a FLT based TSLM method has been proposed to solve
the power flow equations of the ill-conditioned power systems. The re

Table 6
CPU time and number of iterations of the different methods.

Test
system Conventional methods TSLM method FTSLM method

IRN method [41] NRJM method [43,44] LM method [42]

CPU
time
(s)

Number of
iteration

CPU
time
(s)

Number of
iteration

CPU
time
(s)

Number of
iteration

CPU
time
(s)

Number of
iteration

CPU
Time
(s)

Number
of
iteration

11-bus Div. Div. 0.213 3 0.121 5 0.133 5 0.091 2
13-bus Div. Div. 0.160 4 0.081 6 0.117 4 0.057 2
43-bus Div. Div. 0.390 6 0.258 8 0.241 6 0.156 3
118-bus Div. Div. 0.842 5 0.880 10 0.687 7 0.294 3
2383-bus Div. Div. – Div. Div. – 441.72 11 200.780 5

7
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Fig. 9. Residual error in the 11-bus ill-conditioned power system.

Fig. 10. Residual error in the 13-bus ill-conditioned distribution system.

Fig. 11. Residual error in the 43-bus ill-conditioned power system.

lated formulations and algorithms have been presented and applied to
11-bus, 13-bus, 43-bus, 118-bus and 2383-bus test power systems. The
inputs to the FIS are reactive and real power mismatches ( ,
and ), while the outputs are phase and magnitude of the voltages
of the buses.

The simulation results show that the new proposed FTSLM method
is very fast and reliable to use in the ill-conditioned power systems. The
number of iterations and CPU times in the proposed method are lower
than the benchmark methods (IRNM, LM, NRJM and TSLM methods)
(Figs. 9–13 and Tables 6 and 7). The main capabilities and features of
the FTSLM method are concluded as follows:

– Simple structure

Fig. 12. Residual error in the 118-bus ill-conditioned power system.

Fig. 13. Residual error in the 2383-bus ill-conditioned power system.

– Fast convergence
– Low number of iterations
– Less computation time
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Appendix A. Proof of the fourth order convergence of the TSLM
method

In this section, proof of the fourth order convergence of the TSLM
method based on [38] is presented. By using “singular value decompo-
sition” to decompose the Jacobian matrix (Jk in Eq. (8)):

(32)

Also, parameters , and can be computed as follows
[38]:

(33)

8
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Table 7
CPU time for 11-bus and 43-bus in different loading conditions.

Loading condition 11-Bus 43-Bus

πmin πmax CN CPU time (s) πmin πmax CN CPU time (s)

0.9 0.1131 122.20 0.1080∗104 0.0870 0.9495∗10 - 1 0.2428∗104 0.2557∗105 0.1490
0.95 0.1128 122.16 0.1082∗104 0.0905 0.9484∗10 - 1 0.2426∗104 0.2558∗105 0.1541
1.00 0.1126 122.10 0.1086∗104 0.0910 0.9476∗10 - 1 0.2426∗104 0.2560∗105 0.1560
1.05 0.1122 122.08 0.1088∗104 0.0925 0.9462∗10 - 1 0.2423∗104 0.2561∗105 0.1575
1.10 0.1120 122.05 0.1089∗104 0.0936 0.9451∗10 - 1 0.2421∗104 0.2562∗105 0.1599
1.15 0.1116 122.01 0.1093∗104 0.0939 0.9440∗10 - 1 0.2419∗104 0.2562∗105 0.1606
1.20 0.1114 121.97 0.1094∗104 0.0944 0.9430∗10 - 1 0.2417∗104 0.2563∗105 0.1622
1.25 0.1110 121.93 0.1098∗104 0.0945 0.9416∗10 - 1 0.2415∗104 0.2565∗105 0.1663

(34)

(35)

So:

(36)

(37)

(38)

By using three proofed lemmas in [38] and also considering theory
of the matrix perturbation and the Lipschitzness of Jk:

(39)

By considering Eq. (39):

(40)

this denotes:

(41)

By using three above-mentioned lemmas [38]:

(42)

which means that (in Eqs. (7)–(9)) achieved by the TSLM method
converges to the resolution set X∗ with fourth order [38].

Appendix B. Proof of the convergence of the proposed FTSLM
method

Give two fuzzy sets and

(see Eq. (25)) be defined in universe of discourse
(U) as:

(43)

(44)

(45)

and,

(46)

9
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(47)

(48)

where and . Based on Zadeh’s
extension theory, the membership grades for union and intersection of

and would be:

(49)

(50)

where ⊔ and ⊓ denote join and meet, respectively. Also, ∨ and ∧ de-
note max t-conorm and min t-norm, respectively. Note that, and

are type-1 fuzzy sets [46].
In order to proof the convergence of the proposed FTSLM method,

Given and be two convex of fuzzy
sets defined over U such that their maximum (or minimum) degree
of intersection is attained at Z (σ = Z). In the other words,

attained at σ = Z, and
attained at σ = ξf, and at σ = ξg, then Z will be be-
tween ξf and ξg i.e., either ξg?Z?ξf or ξf?Z?ξg [46].

By considering both ξf and ξg are on the same side of Z i.e. ξg < Z,
ξf < Z and supposing ξf?ξg and also, :

(51)

So and
[46]. This means that ,

which is contradiction. So it can be concluded that Z is located between
ξf and ξg i.e. either ξg < Z < ξf or ξf < Z < ξg. The proof is completed.
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