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In this work the air gap flux density components in the eccentric surface-mounted PM machines are predicted analytically. In the 
provided model the slotting effects of the armature are taken into account. In the modeling process, Conformal Transformations (CTs) 
are employed to obtain an equivalent concentric slotless machine for the eccentric slotted PM machine. To satisfy the condition of 
using CTs, i.e. having a Laplace equation, the PMs are replaced with an equivalent current sheet at the surface of the rotor. The 
approach of finding this current sheet is approved by the basis of the Electromagnetic theory. One of the contributions of this work is 
that, the provided model is capable of modeling the eccentric surface-mounted PM machines with any PM magnetization pattern by 
means of CTs. Substituting, the predicted air gap flux density components in the Maxwell stress tensor, the machine unbalanced 
magnetic force and its cogging torque is computed. Finally, the accuracy of the obtained results is evaluated by means of Finite 
Element Analysis.  
 

Index Terms— Analytical modeling, cogging torque, conformal transformation, eccentricity, equivalent current sheet, slotted 
armature, unbalanced magnetic force  
 

I. INTRODUCTION 

HE Surface-mounted PM (SPM) machines have a lot of 
merits such as the brushless and compact structure, easy 

control and long maintenance period. However, they suffer 
from the torque pulsation. This pulsation is mainly due to the 
machine cogging torque. In addition, inaccuracies in 
assembling of the SPM machines results in the rotor 
eccentricity which causes in a high level of Unbalanced 
Magnetic Force (UMF). It is well-known that, cogging torque 
[1] and UMF [2], [3] are the main sources of vibration and 
acoustic noise in the SPM machines [4], [5]. Here, in this 
work an analytical model is developed for computation of 
cogging torque and UMF in the eccentric SPM machines. 

Computation of the cogging torque in SPM machines is one 
of the main concerns of the machine designer. Analytical 
approaches for the calculation of cogging torque have some 
advantages over the numerical methods. Although numerical 
methods such as Finite Element Analysis (FEA) are exact, 
they are time-consuming and sensitive to the appropriate mesh 
generation. Cogging torque could be computed by the methods 
such as, derivation of the magnetic energy variation [1], 
Maxwell stress tensor [6], integration of the magnetic stress 
vector along the slot sides [7] and Lorentz equation [8]. 
However, knowing the exact distribution of the air gap flux 
density components is an important prerequisite of the 
mentioned methods. In all of these methods, cogging torque is 
highly sensitive to the accuracy of the computed air gap flux 
density components. The proposed analytical approaches for 
modeling of the flux density in a slotted air gap could be 

categorized in three main groups as Sub-domain Analysis 
Methods (SAM) [9], Conformal Mapping Methods (CMM) 
[6], [7], [10] and Equivalent Magnetization Current (EMC) 
methods [8], [11]. Although SAMs have a very good 
accuracy, they need solving of linear Cramer equations. 
CMMs are basically applicable only in the problems with the 
Laplace equation [12]. However, in [6] and [7] CMMs are 
applied on the Poisson equation. The precision of the obtained 
results for the cogging torque by [6] and [7] includes some 
major and minor tolerances, respectively. In fact, the PM 
deformation is a concern in CMM, which is not considered in 
[6] and [7]. In addition, the impact of the slots on each other is 
missed in [6]. In the EMC method, it is necessary to apply a 
combined analytical-iterative algorithm to compute the air gap 
flux density in the slotted air gap [8], [11]. A nice comparison 
between different approaches of cogging torque computation 
is reported in [13]. 

In the case of having a rotor eccentricity in the SPM 
machine, computation of the air gap flux density is more 
cumbersome. There are few papers addressing analytical 
computation of the air gap flux density components in the 
eccentric slotted SPM machines [14]-[25]. In [14], [15], SAM 
is combined with the Perturbation Analysis (PA) method to 
predict the air gap flux density in the slotted SPM machines. 
In [15]-[17], cogging torque in the eccentric SPM machine is 
computed by PA method. In [17], the impact of the magnet 
imperfection and its magnetization pattern on the cogging 
torque of the eccentric SPM machine is studied. Although the 
accuracy of the PA is acceptable, it is restricted by the model 
order (zero and first). In addition, the PA method includes 
complex mathematical expressions and consequently, it 
increases the difficulty of the modeling process when 
combined with SAM. In a different way from the mentioned 
researches, in [18], the no-load air gap flux density of an 
eccentric SPM machine is computed by superposition of air 
gap flux densities of some concentric SPM machines with 
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different air gap lengths. However, the machine cogging 
torque is not computed and no mathematical approval is 
presented in [18]. The CMM is applied in for modeling and 
analysis of slotted eccentric radial flux [19], [20] and axial 
flux PM machines [21] and [22]. However, the limitation of 
applying CMMs on the Poisson equation is still a problem. 
The predicted components of the air gap flux density in [20] 
include some content of error which could be resulted in a 
high-level of inaccuracy in the cogging torque and UMF 
computation. The proposed methods in [21]-[22], pursue the 
developed models in [6] and [7] for the eccentric radial flux 
PM machines. They apply the Schwartz-Cristofell and bilinear 
transformations to compute the relative complex permeability 
of the eccentric air gap. Although the CMMs are applied on 
the Poisson equation, the predicted results by the quasi 3D 
models in [21], [22] are precise. Efficient and simple models 
based on the Equivalent Surface Current (ESC) are presented 
in [23], [24] for modeling of eccentric and slotless SPM 
machines with and without using Conformal Transformations 
(CTs), respectively. The methods in [23] and [24] are not 
capable modeling of the slotted stator. Against [23] and [24] 
that the eccentric stator is replaced by ESC, in this paper the 
stator is not changed and the PMs of the rotor are replaced by 
an ESC. This trick helps to consider any geometry for the 
stator slots and makes using the other field analysis methods 
such as SAM or CMM very easy. 
In the presented work, the air gap flux density components are 
predicted in the eccentric surface-mounted PM machines. In 
the provided model the slotting effect of the armature is taken 
into account accurately. In the modeling process, CTs are 
employed to obtain an equivalent concentric slotless machine 
for the eccentric slotted one. In addition to satisfy the 
condition of using the CTs, i.e. having the Laplace equation, 

the PMs are replaced with an ESC at the surface of the rotor. 
The approach of finding this current sheet is approved on the 
basis of the Electromagnetic theory. The provided model is 
capable of modeling the eccentric slotted SPM machines with 
any PM magnetization pattern by means of CMM. Hereafter, 
the assumptions and the modeling procedure are presented in 
the section II. Two hypotheses are presented and approved in 
section II. In section III, the model is described. In this 
section, the used CTs are introduced and the air gap flux 
density components in the eccentric slotted SPM machine are 
obtained analytically. In addition, by using the Maxwell stress 
tensor, the machine UMF and its cogging torque are 
computed. Finally, the accuracy of the obtained results is 
evaluated by means of FEA in IV. 

II. BASIS OF THE WORK 

In this section the assumptions, the work procedure and the 
perquisites of the modeling process are briefly presented.  

A. Assumptions 

The following assumptions are made in the modeling 
process of the slotted eccentric SPM machine. 

 Magnetic saturation is neglected. 

 A unit value is considered for the relative permeability of 
the PMs. 

 End effects are not considered. 

 The stator is slotted and it is open-circuit. 

 The provided MATLAB toolbox in [26] is used to apply 
the needed Schwartz-Christofell transformation. 

B. Hypotheses 

In this section, two hypotheses H1 and H2, are presented and 
approved. These hypotheses will be used in computation of 
the ESC. In Fig.1 (a) and (b) the magnetic sources, M1 and M2, 
are considered respectively, outside the closed surface S. The 
surface S encircles the volume Ω. It is assumed that there is 
free space in the volume Ω. Based on the uniqueness theorem 
in Electromagnetics, it is claimed that: 

H1: If the same tangential field is caused by the sources M1 
and M2 in Fig.1 (a) and (b) at S, then the field distributions in 
the points of Ω in Fig.1 (a) and (b) are the same [27]. 

H2: It is assumed that the magnetic sources M1 and M2 in the 
Fig.1 (a) and (b) cause the same field distributions inside Ω. In 
this condition, if any ferromagnetic body with an arbitrary 
shape is inserted in the volume Ω, see Fig. 1 (c) and (d), again 
the field distributions in the volume Ω in Fig.1 (c) and (d) are 
the same. This hypothesis could be approved by using the 
concept of Magnetization Surface Currents (MSC). From the 
Electromagnetic theory, each ferromagnetic material could be 
replaced by the free space, some MSC on the surface of the 
material and some Magnetization Volume Current (MVC) in 
the points inside of the material body [27]. If the permeability 
of the ferromagnetic material is infinite the MVC is zero and 
the MSC nullifies the tangential flux density at the surface of 
the material [11]. Since, there is the same flux density 
distribution in Ω in Fig.1 (a) and (b), after adding the 
ferromagnetic material, respectively in Fig.1 (c) and (d), the 

 
(a)      

    (b) 
Fig. 1.  (a) Two magnetic sources M1 and M2 cause the same magnetic flux 
density in the free space. (b) a ferromagnetic material is considered in Ω2 
  

 
(a)   (b) 

 
(c)   (d) 

Fig. 1.  (a) Two magnetic sources M1 and M2 cause the same magnetic flux 
density in the free space. (b) a ferromagnetic material is considered in Ω2 
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same MSC is needed to nullify the tangential flux density at 
the surface of the ferromagnetic material by M1 and M2 in 
Fig.1 (c) and (d). Therefore, based on the superposition 
theorem an identical field distribution in Ω will be obtained in 
Fig.1 (c) and (d). In other words, if the magnetic flux density 
in the volume Ω caused by M1 and M2 in Fig.1 (c) and (d) are 
equal for one ferromagnetic material, this equality is valid for 
other shapes of the ferromagnetic materials. 

It is useful to apply H1 to equalize the PMs of a slotless 
concentric SPM machine with an ESC on its rotor surface as 
shown in Fig.2 (a) and (b), respectively. Let us consider the 
PMs in Fig.1 (a) and the ESC in Fig.2 (b) as the magnetic 
sources M1 and M2, respectively, and selecting the region Ω as 
Rm<r. The curve S is expressed as r=Rm, where Rm is the PM 
radius. Therefore, if the same tangential fields is generated at 
r=Rm in Fig.2 (a) by PMs and in Fig.2 (b) by ESC, the same 
field is obtained in Rm<r in Fig.2 (a) and (b). In this step the 
slotless concentric stator is removed and replaced with another 
ferromagnetic material, i.e., a slotted eccentric one. Since the 
PMs and ECS are equal together, based on H2, it could be 
claimed that the magnetic flux density for Rm<r in Fig.2 (c) 
and (d) are the same. 

C. Modeling procedure 

In the proposed modeling process, the following steps are 
carried out to find the air gap flux density components in the 
slotted eccentric SPM machines.  
At first, the PMs’ arrangement on the rotor is equalized by an 
ESC at the rotor surface. This task is carried out by providing 
the condition of H1, i.e. applying the equality condition 
between the tangential fields at r=Rm in the slotless concentric 
machines shown in Fig.2 (a) and (b). In the second step, by 
applying H2 the concentric slotless stator is removed and 

replaced with the slotted and eccentric stator as shown in Fig.2 
(d). Consequently, the Poisson equation in the machine in 
Fig.2 (c) is equalized with the Laplace equation in the machine 
in Fig.2 (d). At this point CTs could be applied to solve the 
problem of Fig.2 (d) with no concern about magnet 
deformation or the type of PM magnetization pattern, M. In 
the proposed model all PM magnetization patterns could be 
considered. Hereafter, by using this hypothesis and applying 
some CTs the field distribution of the eccentric slotted SPM 
machine (Fig.2 (c) and (d)) is obtained. 

III. MODELING 

As described in the section II, at first the ESC on the rotor 
surface in Fig.2 (b) is obtained by applying H1. This ESC 
could be obtained for PMs with any magnetization patterns. 
For this purpose, the field distribution of PMs in Fig.2 (a) and 
the flux density of ESC in Fig.2 (b) are obtained analytically 
and the equality condition between the obtained tangential 
fields at r=Rm is imposed. 

A. PM flux density  

To find the magnetic flux distribution of PMs in Fig.2 (a), 
two regions are defined as (1), where Rs and Rr is the stator 
and rotor radius, respectively. 

I:PM  ,  II:air  r m m sR r R R r R     (1) 

The governing equation on the region I and II is given in (2). 
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where, μ0 is the free space permeability, r and φr are the radial 
and circumferential variables in the rotor reference frame, M 
is the PM magnetization, A is the axial component of the 
magnetic potential vector and Mr and Mφ are the radial and 
circumferential components of M. The Fourier coefficients of 
Mr and Mφ for different magnetization patterns are given in 
[7]. The boundary conditions are expressed in (3). 
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 (3) 

The circumferential field in the region II is obtained by 
using the separation of variables method, as (4). 

 1 2 1( ) sinnp np np
II PM n s r rB a r R r np    

     (4) 
where, p is the number of the machine pole pairs, and θr is the 
rotor angular position and,  

 
(a)      (b) 

 
(c)      (d) 

Fig. 2.  (a) Slotless machine with PMs, (b) slotless machine with ESC, (c) 
slotted machine with PMs, (d) slotted machine with ESC. 
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B. ESC flux density 

To find the magnetic flux distribution of the ESC in Fig. 2 
(b) one region is defined as (6). 

III:air  r mR r R   (6) 

The governing equation on the region III and the boundary 
conditions of the problem in Fig.2 (b) are given in (7) and (8), 
respectively, where, JESC is the current density of the ESC and 
presented in the form of the Fourier series in (9). 

2 0III ES CA    (7) 
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   (9) 

Using the separation of variable method and applying (8) 
and (9) in (7), the circumferential field component caused by 
the ESC is computed as (10). 
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C. Finding ESC 

Based on H1, to have the same field distribution in the region 
II in Fig.2 (a) and (b), the same tangential flux density must be 
produced by PMs and ESC at r=Rm. Applying the equality 
condition between (4) and (10) will result in (12) for the 
Fourier coefficients of the ECS. 
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By considering (9) and (12) as the ECS and applying H2, 
there is an equality condition for the field distribution in the 
air gap region of Fig.3 (c) and (d). Hereafter, the eccentric 
slotted SPM machine with ESC in Fig.2 (d) is studied instead 
of the eccentric slotted SPM machine in Fig.2 (c).  

D. Conformal transformations 

The governing equation on the slotted machine with ESC in 
Fig.2 (d) is in the form of the Laplace equation and CTs could 
be applied with no concerns about the PM deformation or the 
PM magnetization pattern. The plane of the geometry of Fig.2 
(d) is named as the S-plane and shown in Fig.3 (a). A 

sequence of CTs is applied to convert the slotted eccentric 
machine in Fig.3 (a) to a concentrated slotless one in Fig.3 (e). 
The target contour for computation of the flux density is a 
circle in the air gap which is concentric with the stator and 
illustrated in Fig.3 by the dotted line. At first, the eccentric 
geometry in the S-plane, is transformed to the concentric 
geometry in the T-plane, see Fig.3 (b), by using the given 
bilinear transformation in (13), where d is the value of the 
rotor eccentricity.  
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 (13) 

It is expected that the obtained slotted SPM machine in the 
T-plane is concentric and its stator has unequal teeth. In this 
step it is assumed that the slot lateral sides in the T-plane have 
constant angles with infinite length. This assumption is just for 
simplification of using the next CT and causes no error in the 
field computation. Considering this assumption, and applying 
the CT in (14) on the geometry in the T-plane, the machine 
geometry in the W plane is obtained, as shown in Fig.3 (c). 

( ) ln ( ) ,  ( ) Ww t t t w e   (14) 

The next used CT is in the form of Schwartz-Christofell as 
(15). This CT and its inverse are applied by using the 
Schwartz-Christofell toolbox developed for the MATLAB 
users [26]. Applying (15), the geometry shown in Fig.3 (d) in 
the Z-plane is obtained. 

 
(a)     (b) 

 
(c) 

(d) 

 
                      (e) 

Fig. 3.  The geometry of the machine with ESC in the (a) S-plane, (b) T-
plane, (c) W-plane, (d) Z-plane, and (e) K-plane with slotless geometry 
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The last used CT maps the Z-plane to K-plane by (16).  
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where, u1 and v1 are the length of the lines BC and CD in Fig.3 
(d), and the superscript * denotes for complex conjugation. 
The resulted geometry in the K-plane, Fig.3 (e), is a slotless 
machine. The governing equation and the boundary condition 
in the K-plane is as (17) and (18), respectively. 
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where, the superscript K shows the related variables are 
expressed in the K-plane. The JK

ESC is considered as the 
boundary condition and is obtained by applying the introduced 
CTs on the JESC as (19) [24]. 

 K
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where, “*” denotes for the complex conjugation operator. It is 
worth mentioning that, to apply (19), the ESC in (9) is made 
discrete to Ns number of discrete values as (20).  
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The point (xi,yi) in the S-plane is mapped to the point (ui,vi) in 
the K-plane by applying (13)-(16). In addition, the current 
density of the ith segment in point (xi,yi) in the S-plane is 
transferred to the point (ui,vi) in the K-plane by value reported 
in (19). The width of the ith segment in the S-plane is 2πRs/Ns. 
The width of the map of the ith segment in the K-plane is 
expressed as γi

K. The Fourier representation of JK
ESC in the ith 

segment in the K-plane is expressed in (21), where υ is the 
angular position in the K-plane. 

TABLE I 
PARAMETERS OF THE CONSIDERED SPM MACHINES. 

parameter Symbol 
Machine 

No.1 
Machine 

No.2 

pole pairs p 2 2 
Stator bore Rs 60 mm 70 mm 
Air gap length g 1 mm 1 mm 
Rotor radius Rr 54 mm 64 mm 
PM arc angle ατp 72o 80o 
PM remanent flux density Brem 1.2 T 1.2 T 
Machine stack length Lstk 100 mm 50 mm 
Eccentricity d 0.8 mm 0.7 mm 
Slot opening (mech. deg.) bo 4.8o 4o 
No. of the stator slots Qs 12 6 

  
(a) 

(b) 
Fig. 4.  The air gap flux density for the machines no.1 for radially 
magnetized PMs and θr=45o(a) radial and (b) circumferential component 
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(a) 

(b) 
Fig. 5.  The air gap flux density for the machines no.2 for parallel-
magnetized PMs and θr=60o(a)  radial and (b) circumferential component 
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Using the separation of variables method and considering 
(18), the magnetic field components in the K-plane are 
obtained as (22), where ρ is the radial variable in the K-plane. 
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Therefore the solution of the magnetic field in the S-plane 
for the eccentric slotted SPM machine in Fig.2 (d) could be 
easily obtained by coming back from the K-plane to the S-
plane as the procedure explained in (23). 
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where aK
ρ and aK

υ are the radial and circumferential unitary 
vectors in the K-plane, respectively. 

E. Cogging torque and UMF 

The Maxwell stress tensor is used to compute the machine 
cogging torque as given in (24).  
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where, Br and Bφr are the radial and circumferential 
components of the air gap flux density in the considered 
Maxwell surface in the S-plane, r is the radius of the 
considered Maxwell surface and Lstk is the machine stack 
length.  

The x- and y- components of the UMF are predicted by (25). 
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where, Bg is the magnitude of the air gap flux density in the 
points of the considered Maxwell surface in the S-plane. 

IV. MODEL VERIFICATION 

To verify the proposed model, the analytically obtained results 
are compared with FEA for two SPM machines. The FEA is 
carried out by FEMM software [28]. Parameters of the 
considered SPM machines are reported in Table 1. Both 
radially- and parallel-magnetized PMs, are studied. 

 
(a) 

(b) 
Fig. 6.  Cogging torque for the machine no.1 with (a) radially- and (b) 
parallel magnetized PMs. 
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(a) 

(b) 
Fig. 7.  Cogging torque for the machine no.2 with (a) radially- and (b) 
parallel magnetized PMs. 
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The predicted magnetic flux density components in the 
machine No.1 in θr=45o for radially-magnetized PMs are 
shown and compared with FEA results in Fig.4 (a) and (b). 
The magnetic flux density components in the machine No.2 
with parallel-magnetized PMs in θr=60o are shown and 
compared with FEA results in Fig.5 (a) and (b). The FEA and 
analytically obtained results for cogging torque of the 
machines No.1 and the machine No.2 with radially- and 
parallel magnetized PMs are illustrated in Fig.6 and Fig.7, 

respectively. The UMF components in the considered 
machines with radially and parallel magnetized PMS are 
shown in Fig. 8 and Fig.9, respectively. As seen in Fig.8 (c) 
and (d), there is some small and negligible fluctuation in the 
computed y component of UMF. This fluctuation could be due 
to the discrete format of the ESC, as well as the tolerances in 
computations of the Schwartz-Christofell toolbox. However 
the error percentage in the magnitude UMF is negligible. As 
shown in Fig. (4)-(9), the model results are in a good 
agreement with FEA. 

 
(a) 

(b) 

 
(c) 

(d) 
Fig. 8.  The components of UMF for the machine No.1. Fx for (a) parallel 
and (b) radially- magnetized PMs. Fy for (c) parallel and (d) radially-
magnetized PMs. 
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(a) 

(b) 

 
(c) 

(d) 
Fig. 9.  The components of UMF for the machine No.2. Fx for (a) parallel 
and (b) radially- magnetized PMs. Fy for (c) parallel and (d) radially-
magnetized PMs. 
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V. CONCLUSION 

In this work an analytical approach is proposed for modeling 
of the slotted eccentric SPM machines. In the developed 
model the PMs’ arrangement is replaced with an ESC on the 
rotor surface. By this trick, the governing equation is 
converted from Poisson to Laplace equation. Therefore, 
applying the CTs is carried out with no concerns about the PM 
deformation. The main source of inaccuracy in the previous 
studies with conformal transformations was neglecting the PM 
deformation. Thanks to the ESC, the inaccuracy and the 
limitation of the previous models are removed and the 
obtained results have a good agreement with FEA. The model 
is approved by comparing the results of cogging torque and 
the produced UMF with FEA. 
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